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We study general motion of photons in the Kerr-de Sitter black hole and naked singularity space-
times. The motion is governed by the impact parameters X, related to axial symmetry of the
spacetime, and q, related to its hidden symmetry. Appropriate ’effective potentials’ governing the
latitudinal and radial motion are introduced and their behaviour is examined by ’Chinese boxes’
technique giving regions allowed for the motion in terms of the impact parameters. Restrictions on
the impact parameters X and q are established in dependence on the spacetime parameters M,Λ, a.
The motion can be of orbital type (crossing the equatorial plane, q > 0) and vortical type (tied
above or bellow the equatorial plane, q < 0). It is shown that for negative values of q, the reality
conditions imposed on the latitudinal motion yield stronger constraints on the parameter X than
that following from the reality condition of the radial motion, excluding existence of vortical motion
of constant radius. Properties of the spherical photon orbits of the orbital type are determined
and used along with properties of the effective potentials as criteria of classification of the KdS
spacetimes according to the properties of the photon motion.
I. INTRODUCTION
In the framework of inflationary paradigm [45], recent
cosmological observations indicate that a very small relict
vacuum energy (equivalently, repulsive cosmological con-
stant Λ > 0), or, generally, a dark energy demonstrating
repulsive gravitational effect, has to be introduced to ex-
plain dynamics of the recent Universe [3, 7, 16, 40, 41,
49, 92]. These conclusions are supported strongly by the
observations of distant Ia-type supernova explosions in-
dicating that starting at the cosmological redshift z ≈ 1
expansion of the Universe is accelerated [55]. The total
energy density of the Universe is very close to the critical
energy density ρcrit corresponding to almost flat universe
predicted by the inflationary scenario [62], and the dark
energy represents about 70% of the energy content of
the observable universe [15, 63]. These conclusions are
confirmed by recent measurements of cosmic microwave
background anisotropies by the space satellite observa-
tory PLANCK [1, 52].
The dark energy equation of state is very close to those
corresponding to the vacuum energy [15]. Therefore, it
is relevant to study the astrophysical consequences of the
effect of the observed cosmological constant implied by
the cosmological tests to be Λ ≈ 1.3 × 10−56 cm−2, and
the related vacuum energy ρvac ∼ 10−29 g/cm3, close
to the critical density of the universe. The repulsive
cosmological constant changes significantly the asymp-
totic structure of black-hole, naked singularity, or any
compact-body backgrounds as such backgrounds become
asymptotically de Sitter spacetimes, and an event hori-
zon (cosmological horizon) always exists, behind which
∗Electronic address: daniel.charbulak@fpf.slu.cz
†Electronic address: zdenek.stuchlik@fpf.slu.cz
the geometry is dynamic.
Substantial influence of the repulsive cosmological con-
stant has been demonstrated for astrophysical situations
related to active galactic nuclei and their central super-
massive black holes [69]. The black hole spacetimes with
the Λ term are described in the spherically symmetric
case by the vacuum Schwarzschild–de Sitter(SdS) geo-
metry [34, 72], while the internal, uniform density SdS
spacetimes are given in [13, 68]. The axially symmet-
ric, rotating black holes are determined by the Kerr-de
Sitter (KdS) geometry [17, 25, 44]. In the spacetimes
with the repulsive cosmological term, motion of pho-
tons was extensively investigated in many papers [8, 38,
39, 43, 47, 57, 58, 71, 73, 91]. The motion of massive
test particles was studied in [2, 19, 20, 29, 31, 32, 35–
37, 48, 51, 59, 66, 67, 72, 74, 86]. The KdS geometry
can be relevant also for the so called Kerr superspinars
representing an alternative to black holes [14, 26, 27, 83],
breaking the black hole bound on the dimensionless spin
and exhibiting a variety of unusual physical phenom-
ena [21, 22, 30, 64, 76, 80, 83, 84]. It is worth to note
that the SdS and KdS spacetimes are equivalent to some
solutions of the f(R) gravity representing black holes and
naked singularities [50, 88].
The role of the cosmological constant can be signif-
icant for both the geometrically thin Keplerian accre-
tion discs [46, 61, 69, 72, 86] and the toroidal accre-
tion discs [6, 42, 53, 54, 60, 87, 89] orbiting supermas-
sive black holes (Kerr superspinars) in the central parts
of giant galaxies. Both high-frequency quasiperiodic os-
cillations and jets originating at the accretion discs can
be reflected by current carrying string loops in SdS and
KdS spacetimes [28, 33, 77, 78, 93]. In the spheri-
cally symmetric spacetimes, the Keplerian and toroidal
disc structures can be precisely described the Pseudo-
Newtonian potential of Paczynski type [79, 88] that ap-
pears to be useful also in studies of motion of interacting
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2galaxies [56, 81, 82] demonstrating relation of the gravi-
tationally bound galactic systems to the so called static
radius of the SdS or KdS spacetimes [4, 5, 23, 24, 66, 67].
This idea has been confirmed by the recent study of gen-
eral relativistic static polytropic spheres in spacetimes
with the repulsive cosmological constant [75, 85].
The present paper is devoted to detailed study of prop-
erties of the photon motion in the KdS black hole and
naked singularity spacetimes. We concentrate attention
to the behavior of the effective potentials determining
the regions allowed for the photon motion. Such a study
is necessary for full understanding of the optical phe-
nomena occuring in the black hole or naked singularity
spacetimes with the repulsive cosmological constant. We
generalize the previous work concentrated on the prop-
erties of the photon motion in the equatorial plane [73],
discussing properties of the effective potential of the lati-
tudinal motion in terms of the motion constant related to
the equatorial plane, and then continuing by study of the
effective potential of the radial motion. We concentrate
our study on the spherical photon orbits representing a
natural generalization of the photon circular geodesics
that enables a natural classification of the KdS space-
times according to the properties of the null geodesics
representing the photon motion.
II. KERR–DE SITTER SPACETIME AND
CARTER’S EQUATIONS OF GEODESIC
MOTION
A. Kerr–de Sitter geometry
The line element describing the Kerr–de Sitter geo-
metry is in the standard Boyer-Lindquist coordinates,
using geometric system of units (c = G = 1), given by
ds2 = − ∆r
I2ρ2
(
dt− a sin2 θ dφ)2
+
∆θ sin
2 θ
I2ρ2
[
adt− (r2 + a2) dφ]2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2, (1)
where
∆r =
(
1− 1
3
Λr2
)(
r2 + a2
)− 2Mr, (2)
∆θ = 1 +
1
3
Λa2 cos2 θ, (3)
I = 1 +
1
3
Λa2, (4)
ρ2 = r2 + a2 cos2 θ. (5)
Here, as usual, we denoted by M the mass of the central
gravitating body, by a its specific angular momentum
(a = J/M) and by Λ the cosmological constant. In order
to simplify the discussion of the following equations, it
is convenient to introduce a new cosmological parameter
y = 13ΛM
2, and use dimensionless quantities, redefining
them such that s/M → s, t/M → t, r/M → r, a/M → a,
which is equivalent to putting M = 1. The above expres-
sions then read
∆r =
(
1− yr2) (r2 + a2)− 2r, (6)
∆θ = 1 + a
2y cos2 θ, (7)
I = 1 + a2y, (8)
with equation (5) being left unchanged.
The physical singularity is located, as in the Kerr geo-
metry, at the ring r = 0, θ = pi/2.
The black hole horizons are determined by the condition
∆r = 0 (9)
and their loci can be determined by the relation
y = yh(r; a
2) ≡ r
2 − 2r + a2
r2(r2 + a2)
. (10)
The zeros of yh(r; a
2), determining the loci of black hole
horizons in pure Kerr spacetimes, are given by the rela-
tion
a2 = a2z(h)(r) ≡ 2r − r2, (11)
the loci of its extrema are given by the functions
a2 = a2ex(h)±(r) ≡
r(1− 2r ±√1 + 8r)
2
, (12)
where the function a2ex(h)−(r) < 0 in its whole defini-
tion range, hence is irrelevant. The functions yh(r; a
2),
a2z(h)(r) and a
2
ex(h)±(r) will be needed in the section de-
voted to the discussion of the radial motion.
Three event horizons, two black hole r−, r+, and
the cosmological horizon rc, (r− < r+ < rc) exist
for ymin(h)(a
2) < y < ymax(h)(a
2), where the limits
ymin/max(h)(a
2) correspond to local minimum or local
maximum of the function yh(r; a
2), respectively, for given
rotational parameter a. For 0 < y < ymin(h)(a
2) or
y > ymax(h)(a
2) Kerr–de Sitter naked singularity space-
times exist. The limit case y = ymin(h)(a
2) corresponds
to an extreme black hole spacetime, when the two black
hole horizons coalesce. If y = ymax(h)(a
2), the outer
black hole and cosmological horizon merge. There exists
critical value of the rotational parameter a2crit = 1.21202,
for which the two local extrema of the function yh(r; a
2)
coalesce in an inflection point at rcrit = 1.61603 with the
critical value ycrit = 0.0592. Thus, for a
2 > a2crit only
Kerr–de Sitter naked singularity can exist for any y > 0.
Properties of the event horizons for the more general
case of the Kerr–Newman–de Sitter spacetimes can be
found in [73].
3B. Carter’s equations of geodesic motion
The motion of test particles and photons following its
geodesics in the Kerr–de Sitter spacetime is described by
the well known Carter equations [17]
ρ2
dθ
dλ
= ±
√
W (θ; E, Φ, K, y, a), (13)
ρ2
dr
dλ
= ±
√
R(r; E, Φ, K, y, a), (14)
ρ2
dϕ
dλ
=
aI2[E(r2 + a2)− aΦ]
∆r
(15)
− I
2[aE sin2 θ − Φ]
∆θ sin
2 θ
,
ρ2
dt
dλ
=
I2(r2 + a2)[E(r2 + a2)− aΦ]
∆r
(16)
− aI
2[aE sin2 θ − Φ]
∆θ
,
where
W (θ; E, Φ, K, y, a) = K∆θ − I
2(aE sin2 θ − Φ)2
sin2 θ
(17)
and
R(r; E, Φ, K, y, a) = [IE (r2 + a2)− IaΦ]2 −∆rK.
(18)
Here E and Φ are the constants of motion connected re-
spectively with the time and axial symmetry of the Kerr–
de Sitter geometry, and K is the fourth Carter constant
of motion connected with the hidden symmetry of the
Kerr–de Sitter geometry. Another constant of motion is
the rest mass m (energy) of the test particle; for pho-
tons m = 0. Recall that E and Φ cannot be interpreted
as energy and axial component of the angular momen-
tum of the test particle at infinity, because, due to the
presence of the cosmological Λ term, the geometry is not
asymptotically flat, but de Sitter [72].
Detailed discussion of the equatorial motion of pho-
tons in the Kerr–Newman–de Sitter spacetimes has been
published in [73]. Circular motion of test particles in
the Kerr–de Sitter spacetimes has been presented in [86].
Here we restrict our attention on the general motion of
photons in the Kerr–de Sitter spacetimes.
In fact, the motion of photons is independent of the
constant of motion E and depends only on the ratio Φ/E
(E 6= 0), usually referred to as the impact parameter `,
and on the parameter K/E2. For our general discussion it
is convenient to use Q = K−I2(Φ−aE)2 that vanishes for
the equatorial motion. For our purposes it is, however,
following the paper [73], convenient to introduce a new
constants of motion X ≡ ` − a. Further the constant
q ≡ Q/I2E2 will be applied. Then the relations (17) and
(18) simplify to the form
W (θ; X, q, y, a) ≡ I2E2[(X2 + q)∆θ − (a cos
2 θ +X)2
sin2 θ
],
(19)
R(r; X, q, y, a) ≡ I2E2
[(
r2 − aX)2 −∆r (X2 + q)] .
(20)
Following the work [73] we study the general photon mo-
tion in terms of the parameter X. However, since we con-
sider the non-equatorial motion here, it is also necessary
to find out the restrictions to be imposed on parameter
X that follows from the reality conditions of the latitudi-
nal motion. The latitudinal motion in the Kerr–de Sitter
spacetimes has been investigated yet [66]; however, the
discussion has been related to the motion constant K.
Here we give the discussion of the effective potential of
the latitudinal motion related to the motion constant Q,
as it is convenient for the purposes of our study.
III. LATITUDINAL MOTION
Because it is more convenient to work with algebraic
functions instead of trigonometric ones, we introduce a
new variable
m = cos2 θ,
dm = 2sign(θ − pi/2)
√
m(1−m)dθ.
This implies replacing the equation (13) by
ρ2
dm
dλ
= ±2
√
M(m; X, q, y, a), (21)
where
M(m;X, q, y, a) ≡ I2E2m[(1−m)(X2+q)∆m−(am+X)2]
(22)
with notation
∆m = 1 + a
2ym. (23)
Note that dm/dλ = 0 does not necessarily imply
dθ/dλ = 0, since it can mean just transit through the
equatorial plane or polar axis. Therefore, in some cases,
in order to avoid any doubts, we rather discuss the be-
haviour of the function (19).
The reality condition M(m; a, y, X, q) ≥ 0 can be ex-
pressed by the relations
Xθ−(m; q, y, a) ≤ X ≤ Xθ+(m; q, y, a) (24)
in regions where ∆m − a2y > 0, i. e., equivalently,
m > md,
where
md = 1− 1/a2y (25)
is the solution of the equation
∆m − a2y = 0, (26)
4and by the relations
X ≤ Xθ+(m; q, y, a), Xθ−(m; q, y, a) ≤ X, (27)
in regions where ∆m − a2y < 0, i. e., m < md, which re-
quires y > 1/a2. The functions Xθ±(m; q, y, a), regarded
as ’effective potentials’ governing the latitudinal motion,
are defined by
Xθ±(m; q, y, a) ≡ (28)
−am±√m(1−m)∆m[a2m+ q(∆m − a2y)]
m(∆m − a2y) .
The functions Xθ±(m; q, y, a) thus determine the re-
gions allowed for the latitudinal motion, conditions X =
Xθ±(m; q, y, a) give the turning points. In order to under-
stand the behaviour of the functions Xθ±(m; q, y, a), it is
necessary to find the reality regions, and loci of its local
extrema and divergencies. Following [73], we shall per-
form this analysis using the well known procedure called
’Chinese boxes technique’ and adopting labelling of the
appropriate characteristic functions in similar way. The
parameters are of various significance - q is a constant of
motion, whereas a, y govern the geometry. The natural
choice is therefore to give the properties of the potentials
Xθ±(m; q, y, a) by family of functions q(m; y, a), and
properties of these functions by another families of func-
tions of variable m with parameters lowered by one, with
spacetime parameters excluded at last.
In the following analysis the relevant range of variable
m is, of course, 0 ≤ m ≤ 1, but somewhere, in order
to better understand the behaviour of the characteristic
functions, we formally permit m ∈ R.
First we shall determine the reality region of X±(m). It
is given by
q ≥ qθr (m; y, a2) if ∆m − a2y > 0, (29)
q ≤ qθr (m; y, a2) if ∆m − a2y < 0, (30)
where
qθr (m; y, a
2) ≡ a
2m
a2y −∆m . (31)
Of course, this function also determines the common
points of the potentials Xθ−(m; q, y, a) and X
θ
+(m; q, y, a),
which values are then
Xθc = X(±)(m; q = q
θ
r , y, a) = X(±)(m; y, a) ≡
a
a2y −∆m .
(32)
Of particular importance, if defined, is the value
X(±)(1; y, a) = −a (see bellow).
The divergency points of the functions qθr (m; y, a
2),
X(±)(m; y, a) and Xθ−(m; q, y, a) are determined by
y = yθd(m; a
2) ≡ 1
a2(1−m) . (33)
Both the functions Xθ±(m; q, y, a) can diverge, if well
defined, for m = 0, another divergencies are given by
the function yθd(m; a
2) for the potential Xθ−(m; q, y, a),
but there are no other divergencies for the potential
Xθ+(m; q, y, a), as can be seen, if we rewrite the defi-
nition (29) in an alternative form
Xθ±(m; q, y, a) = (34)
a2m2 − q(1−m)∆m
−am∓√m(1−m)∆m[a2m+ q(∆m − a2y)] .
The function yθd(m; a
2) → ∞ for m → 1 from the
left. There are no local extrema of this function and for
0 ≤ m < 1 it is increasing. For m = 0 we get yθd(0; a2) =
1/a2.
The point md given by the definition (25) determines the
loci where the functions qθr (m; y, a
2), X(±)(m; y, a) and
Xθ−(m; q, y, a) diverge; it occurs at relevant interval (0; 1)
for y > 1/a2 and md → 1 for a2y → ∞. In such case,
qθr (m; y, a
2) → +∞ (−∞) for m → md from the left
(right).
From the equality
∂qθr/∂m =
a2(a2y − 1)
(∆m − a2y)2 (35)
one can see that the function qθr (m; y, a
2) has no local
extrema and is decreasing for y < 1/a2, or piecewise in-
creasing with the discontinuity point md for y > 1/a
2,
i. e., qθr (m; y, a
2) → +∞ (−∞) for m → md from the
left (right). It always holds qθr (m = 0; y, a
2) = 0 and
qθr (m = 1; y, a
2) = −a2.
In the special case y = 1/a2 we get
qθr (m; y = 1/a
2, a2) = const. = −a2 for m 6= 0
with
lim
m→0
qθr (m; y = 1/a
2, a2) = −a2.
Based on the conditions (29), (30) and the above char-
acteristic functions, we can complete setting the defini-
tion range of the potentials Xθ±(m; q, a, y), which we
leave to the end of this section.
Now we shall determine the loci of local extrema of
the effective potentials Xθ±(m; q, y, a). They can be de-
rived from the condition ∂Xθ±/∂m = 0, which implies the
equation
(a2m2+q)(∆m−a2y)[a2m2I2+q(1−a2y+2a2my)2] = 0.
(36)
It can be verified that the function Xθ+(m; q, y, a) has
local extrema given by the relation
q = qθex(+)(m; a
2) ≡ −a2m2. (37)
A discussion of this function is trivial, so we only note
that it is independent of the cosmological parameter y
and renders the loci of extrema only for −a2 ≤ q ≤ 0,
while, as we shall see below, they can exist even for q <
5−a2. The character of these extrema reveals inserting this
expression into the second derivative, which yields
∂2Xθ+/∂m
2(m; q = qex(+), y, a) =
−a
m(1−m)∆m , (38)
clearly they must be maxima.
From the equation (36) we find that another extrema
of the potentials Xθ±(m; q, y, a) are determined by the
condition
q = qθex(±)(m; y, a
2) ≡ −a
2m2I2
[∆m − a2y(1−m)]2 . (39)
The divergencies of the functions qθex(±)(m; y, a
2) are
determined by the relation
y = yθd(ex±)(m; a) ≡
1
a2(1− 2m) . (40)
The function yθd(ex±)(m; a
2) is positively valued at 0 ≤
m < 0.5, where yθd(ex±)(m; a
2) → +∞ for m → 0.5
from the left. For m = 0, there is yθd(ex±)(0; a
2) =
yθd(r)(0; a
2) = 1/a2.
From the properties of the function yθd(ex±)(m; a
2) we
deduce that the function qθex(±)(m; y, a
2) can diverge only
if y > 1/a2, at
m = md(ex) ≡ 0.5 (1− 1/a2y) = 0.5 md
located such that 0 ≤ md(ex) < 0.5. Obviously
qθex(±)(m; y, a
2)→ −∞ for m→ md(ex). (41)
In the following we shall decide about the monotony
and possible existence of local extrema of the function
qex(±). From
∂qθex(±)/∂m =
2m(a2y − 1)a2I2
[∆m − a2y(1−m)]3 (42)
it is clear that there are no local extrema of
qθex(±)(m; y, a
2) in the interval m ∈ (0; 1). The deriva-
tive changes its sign at the divergent point md(ex), which
reflects the behaviour given by (41).
For y < 1/a2, there is
∂qθex(±)/∂m < 0 for m ∈ 〈0; 1〉,
that is, qθex(±)(m; y, a
2) is decreasing.
In the limit case y = 1/a2, we get
qθex(±)(m; y = 1/a
2, a2) = −a2 = qθr (m; y = 1/a2, a2).
Comparing both the functions qθex+(m; a
2) and
qθex(±)(m; y, a
2), we find that
qθex(±)(m; y, a
2) ≤ qθex+(m; a2) ≤ 0
and have common points at m = 0, 1 with
qθex+(0; a
2) = qθex(±)(0; y, a
2) = 0
and
qθex+(1; a
2) = qθex(±)(1; y, a
2) = −a2.
In the next step we shall characterize the extrema given
by qθex(±)(m; y, a
2).
First we find that
∂Xθ±
∂m
(m; q = qθex(±), y, a) = (43)
a3y{ sign [1− a2y(1− 2m)]± sign (1− a2y)}
sign [1− a2y(m− 1)]3 .
If we now require
∂Xθ+/∂m(m; q = q
θ
ex(±), y, a) = 0
somewhere at 0 < m < 1, we obtain a condition
m > md(ex) for y > 1/a
2,
which ensures
∂2Xθ+/∂m
2(m; q = qθex(±), y, a) = (44)
aI2
m(1−m)∆m(1− a2y)[∆m − a2y(1−m)] < 0.
Considering the previous results, we can conclude that
the functions qθex(±)(m; y, a
2) determine local maxima
of the potential Xθ+(m; q, y, a) for q < −a2 that occur
on this curve in the case y > 1/a2 in the interval
m ∈ (md(ex); 1).
Proceeding the same way with the function
Xθ−(m; q, y, a), we first find that the equation
∂Xθ−/∂m(m; q = q
θ
ex(±), y, a) = 0
has always solution for some m ∈ (0; 1) in the case
y < 1/a2, but for y ≥ 1/a2 this solution must fulfil
m < md(ex).
Substituting q = qθex(±) into the second derivative of
Xθ−(m; q, y, a) yields the same expression as that in (45),
but now with the above conditions we have
∂2Xθ−/∂m
2(m; q = qθex(±), y, a) > 0,
indicating local minima. Therefore, the function qθex(±)
gives local minima of Xθ−(m; q, y, a) for y < 1/a
2 at
the whole interval m ∈ (0; 1), and for y > 1/a2 at m ∈
(0;md(ex)).
In the special case y = 1/a2, the function qθex(±) reduces
to the form
qθex(±)(m; y = 1/a
2, a2) = −a2; (45)
6we can easily convince ourself that the function Xθ−
has no local extremum in such case, and the extrema of
Xθ+ are given by the function q
θ
ex+(m; y, a).
The conditions (24), (27) ensuring the allowance of the
latitudinal motion must be complemented by case when
the functions Xθ± are not defined. Their definition range
is given by relations (29), (30), but it can be shown that
the violation of the latter one imply M(m;X, q, y, a) > 0.
In such case, the latitudinal motion is allowed for any
impact parameter X (see the details in the discussion
bellow). All characteristic functions are depicted in Fig.
1. and the graphs of the potentials in Fig. 2 for selected
representative values of parameters.
(a) (b)
(c) (d)
FIG. 1: The graphs of characteristic functions depicted
for given parameters: (a)yθd(r)(m; a
2) (full curve) and
yθd(ex±)(m; a
2) (dashed curve), the vertical line is the asymp-
tote; (b-d)qθr (m; y, a
2) (full curve), qθex(+)(m; a
2) (dashed
curve), qθex(±)(m; y, a
2) (dash-dotted curve) successively cor-
responding to cases y < 1/a2, y = 1/a2, y > 1/a2. The
unshaded region demarcates the definition range of the po-
tentials Xθ±(m; q, y, a
2) given by conditions (29), (30).
Now we are able to discuss the behaviour of the poten-
tials Xθ±(m; q, y, a) for various representative values of its
parameters. The intersections of a line X = const. with
the curves Xθ±(m; q, y, a) represents the turning points
in variable m. From the knowledge of these functions we
can thus get qualitative insight into the character of the
latitudinal motion. This entitles us to following classifi-
cation of Kerr–de Sitter spacetimes and brief description
of the latitudinal motion. The basic division apparently
consists of cases y < 1/a2, y = 1/a2, y > 1/a2 :
1. Case y < 1/a2
• q < −a2
– the definition range of the potentials is an
empty set; the latitudinal motion is not
possible;
• q = −a2
– the potentials Xθ±(m; q, y, a) are defined
only for m = 1, where
Xθ+(1; q, y, a) = X
θ
−(1; q, y, a) = −a;
photons with such values of parameters
are the special case of the so called PNC
photons ’radially’ moving along the spin
axis [10];
• −a2 < q < 0 (Fig. 2a, 2b)
– both the potentials are defined for m ∈
〈ml; 1〉, where the lower limit
ml =
q(a2y − 1)
a2(qy + 1)
> 0 (46)
is the solution of the equation
q = qθr (m; y, a) (see Fig. 1b );
the limits of the interval are the common
points of the potentials, where
Xθ±(m = ml; q, y, a) = X
θ
(±)(ml) =
a(1 + qy)
a2y − 1 < 0; (47)
– the latitudinal motion is allowed
for values of the parameter X
between some local minimum
Xθmin(−) = X
θ
−(mmin(−); q, y, a) and ma-
ximum Xθmax(+) = X
θ
+(mmax(+); q, y, a),
for which
Xθmin(−) < −a < Xθmax(+) < 0;
the loci mmin(−) of minimum Xθmin(−)
is given by the equation (39), the loci
mmax(+) of maximum X
θ
max(+) is deter-
mined by relation (37);
– if X takes one of these extremal val-
ues, then the trajectory of such photon
lies entirely on cones θ = arccos
√
mex,
θ = pi − arccos√mex, where mex ∈
{mmin(−),mmax(+)}; such photons are
called PNC photons [10];
– for Xθmin(−) < X < X
θ
max(+) there are two
solutions m1 < m2 of each of the two
equations X = Xθ±(m; q, y, a), imply-
ing that photon executes so called vortical
motion, which is restricted between two
pairs of cones, symmetrically placed rela-
tive to equatorial plane:
0 < arccos
√
m2 ≤ θ ≤ arccos√m1 < pi
2
and
pi
2
< pi − arccos√m1 ≤ θ ≤ pi − arccos√m2 < pi;
7(a) (b) (c) (d)
(e) (f) (g) (h)
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(m) (n)
FIG. 2: Graphs of potentials Xθ+(m; q, y, a) (full curve) and X
θ
−(m; q, y, a) (dashed curve) depicted for given typical values
a2, y corresponding successively to cases y < 1/a2 (top row), y = 1/a2 (middle row), y > 1/a2 (bottom row), and with q
representing significant cases q < 0, q = 0, q > 0. Shading demarcates the region where the latitudinal motion is forbidden.
– in the special case X = −a one of the turn-
ing points is m2 = 1, which represents
transit through the spin axis; such photon
therefore oscillate above one of the poles
in cone which is delimited by the angle
θ = arccos
√
m1;
– from the preceding discussion it follows that
we can expect that the case X = −a rep-
resents a change in azimuthal direction
with respect to some privileged family of
observers;
• q = 0 (Fig. 2c)
– the expression in the definition (29) can be
reduced to
Xθ±(m; y, a) =
−a(1∓√(1−m)∆m)
∆m − a2y , (48)
which validity can be enlarged, without
any repercussion on the correctness of the
analysis, even for m = 0; the definition
range of the potentials is thus 〈0; 1〉;
– from the equalityW (θ = pi/2;X, q, y, a) = q
it follows that at least in the equatorial
plane the (radial) motion always exists for
q = 0, where it can be both stable or un-
stable (see bellow); for q > 0 the equato-
rial plane is crossed, for q < 0 it can not
be reached;
– there are no extrema of the poten-
tials - Xθ+(m; q, y, a) is decreasing,
Xθ−(m; q, y, a) is increasing; the permis-
sible values of X for which dθ/dλ > 0 are
still confined to an interval with limits
Xθmin(−) = X
θ
−(m = 0; q = 0, y, a)
=
2a
(a2y − 1) (49)
Xθmax(+) = X
θ
+(m = 0; q = 0, y, a) = 0, (50)
8where Xθmin(−) < X
θ
max(+);
– if X ≤ Xθmin(−) or X ≥ Xθmax(+) then the
requirement W (θ) ≥ 0 is fulfilled only if
θ = pi/2, and in such case dθ/dλ = 0,
thus the motion is stably confined to the
equatorial plane;
– for Xθmin(−) < X < X
θ
max(+) photon ini-
tially released in the direction off the
equatorial plane is once reflected at θ =
arccos
√
m0 or θ = pi−arccos√m0 respec-
tively, where m0 denotes the only solution
of X = Xθ±(m; q, y, a); another point
where dθ/dλ = 0 is now in the equatorial
plane, however the equality d2θ/dλ2 = 0
implies halting in the latitudinal direc-
tion; the function W (θ) has at θ = pi/2 lo-
cal minimum, which indicates, as follows
from perturbation analysis, instability in
the equatorial plane;
– if specially X = −a then m0 = 1, thus
photon initially directed off the equato-
rial plane crosses the spin axis and finally
is captured in the equatorial plane;
• q > 0 (Fig. 2d)
– the potentials are defined for m ∈ (0, 1〉;
they are monotonous in the same manner
as in the case q = 0, but Xθ+(m; q, a, y)→
+∞ and Xθ−(m; q, y, a)→ −∞ as m→ 0;
– from the behaviour of the potentials it fol-
lows that for X 6= −a photon is forced to
oscillate in θ-direction through the equa-
torial plane between two cones governed
by arccos
√
m0 ≤ θ ≤ pi − arccos√m0,
with m0 of the same meaning as above;
– case X = −a represents the motion above
both poles;
– the foregoing conclusion is a reason to have
a suspicion that cases X < −a and X >
−a differ in the azimuthal direction rel-
ative to some family of stationary ob-
servers, it corresponds to ` > 0 and ` < 0;
2. Case y = 1/a2
– the potentials simplify into the form
Xθ±(m; q, a) =
−a±√(1−m2)(q + a2)
m
; (51)
• q < −a2
– the potentials are not defined, thus the
latitudinal motion is not allowed;
• q = −a2
– the curves X = Xθ±(m; q = −a2, y =
1/a2, a) coalesce, since
Xθ+(m; q = −a2, y = 1/a2, a) = (52)
Xθ−(m; q = −a2, y = 1/a2, a) = Xθ(±)(m; a) ≡
−a
m
;
– for X ≤ −a there is one solution of
the equation X = Xθ(±)(m; a), which
gives m = m(±) ≡ −a/X; this corre-
sponds to PNC photons moving along
cones θ = arccos
√
m(±), θ = pi −
arccos
√
m(±);
– for X → −∞ the cones approach the
equatorial plane;
– if specially X = −a the cones degener-
ate to spin axis, therefore, such PNC
photons move along the spin axis;
– for X > −a there is no motion allowed;
• −a2 < q < 0 (Fig. 2e, 2f)
– the potentials are both defined for
m ∈ (0; 1〉; there is one local maxi-
mum Xθmax(+) given by (37) of the
function Xθ+(m; q, y, a) and no ex-
tremum of Xθ−(m; q, y, a); it holds
Xθ−(m; q, y, a) < X
θ
+(m; q, y, a) < 0
and Xθ−(m; q, y, a), X
θ
+(m; q, y, a)→
−∞ as m→ 0 from the right;
– if X < −a or −a < X < Xθmax(+), the
vortical motion exists;
– for X = −a the ’inner’ cones coalesce
with the spin axis, thus the vortical
motion involves crossing the poles;
– for X = Xθmax(+) both the ’inner’ and
’outer’ cones coalesce, giving thus rise
to PNC photons;
– if X > Xθmax(+), no motion is allowed;
• q = 0 (Fig. 2g)
– the same discussion holds as in the case
y < 1/a2, except that the motion ex-
ists for X arbitrarily small;
• q > 0 (Fig. 2h)
– the same conclusions holds as in the
case y < 1/a2, ;
3. Case y > 1/a2
• q < −a2 (Fig. 2i)
– the definition range of both potentials is an
interval (0;mu〉 (see the purple curve in
Fig. 1d), where the upper limit mu < 1 is
given as ml in the previous case by (46);
– there is Xθ+(m; q, y, a) → −∞ and
Xθ−(m; q, y, a) → +∞ as m → 0, more-
over, Xθ−(m; q, y, a) now diverge at m =
md, which is the solution of (33), and
Xθ−(m; q, y, a)→ +∞ (−∞) as m→ md
from the left (right);
– there are thus two regions of permissible val-
ues X in the (m,X)-plane for which the
motion can exist; the lower one bounded
by the graph of Xθ+ and the lower branch
9of Xθ−, which at m = mu join into con-
tinuous curve, and the upper region given
by the upper branch of Xθ−; the motion is
therefore allowed for X ≤ Xθmax(+) < −a
or X ≥ Xθmin(−) > 0, where the loci of lo-
cal extrema Xθmax(+), X
θ
min(−) are given
by (39) (see the blue curve in Fig. 1d);
– if X < Xθmax(+) or X > X
θ
min(−) pho-
ton executes vortical motion, cases X =
Xθmax(+), X = X
θ
min(−) correspond to
PNC photons;
– for X = Xθ−(mu) = X
θ
+(mu) = a(1 +
qy)/(a2y − 1), the inner cones delimiting
the vortical motion are the narrowest;
– for X → −∞ or X → +∞ the outer cones
given by angles
θ = arccos
√
m1, θ = pi − arccos√m1
approach the equatorial plane since m1 →
0; for the inner cones
θ = arccos
√
m2, θ = pi − arccos√m2,
there is
m2 → md = 1− 1/a2y;
• q = −a2 (Fig. 2j)
– there is no local extremum of the function
Xθ+(m; q, y, a), which is now increasing;
it holds mu = 1, X
θ
−(mu) = X
θ
+(mu) =
Xθ+(max) = −a, hence for X = −a both
the inner and outer cones coalesce with
the spin axis, which again corresponds to
’axial’ PNC photon;
– another PNC photons exist for X =
Xθmin(−) > 0;
– there are no other qualitative differences
from the case q < −a2;
• −a2 < q < 0 (Fig. 2k)
– the definition range is an interval (0; 1〉 and
the divergencies of the potentials are the
same as above;
– the function Xθ+(m; q, y, a) has now local
maximum Xθmax(+), −a < Xθmax(+) < 0,
Xθmax(+) → 0 for q → 0, determined by
equation (37);
– case X = −a now corresponds to vorti-
cal motion above the poles - the inner
cones have coalesced with the spin axis,
the outer ones stay open;
– the vortical motion exists as in the previ-
ous cases and above that for −a < X <
Xθmax(+);
• q = 0 (Fig. 2l)
– the definition (48) holds, the functions
Xθ+(−)(m; q, y, a) are defined at 〈0, 1〉
(〈0, 1〉 \ {md}); the values for m = 0
are given by (50), but now Xθmax(+) <
Xθmin(−);
– the potential Xθ+(m; y, a) is decreasing in
its whole definition range, Xθ−(m; y, a) is
piecewise increasing because of the diver-
gent point md;
– if X ≤ Xθmax(+) = 0 or X ≥ Xθmin(−) then
the same conclusions can be made as in
the case y < 1/a2 for Xθmin(−) ≤ X ≤
Xθmax(+);
– for Xθmax(+) < X < X
θ
min(−) it holds
W (θ = pi/2;X, q = 0, y, a) = 0 again, oth-
erwise W (θ; X, q = 0, y, a) < 0, therefore
photons can radially move in the equato-
rial plane;
• q > 0 (Fig.2m, 2n)
– the function Xθ+(m; q, y, a) is defined at
〈ml, 1〉, the function Xθ−(m; q, y, a) at
〈ml, 1〉 \ {md}, where ml is given by (46)
with the difference that now Xθ(±)(ml) >
0; the graphs of both functions now form
a single open curve, which intersects a line
X = const. at a single point;
– in the interval m ∈ 〈0;ml〉 the latitudinal
motion is allowed for arbitrarily large or
small value of the motion constant X;
– for arbitrary X 6= −a there exists oscilla-
tory motion through the equatorial plane
as described in the case y < 1/a2, q > 0;
– if X = X(±)(ml) the boundary cones are
closest to equatorial plane, they are given
by angles
θ = arccos
√
ml, θ = pi − arccos√ml;
– the case X = −a corresponds to orbits
above both poles crossing also the equa-
torial plane;
– there is no vortical motion or PNC photons;
We finish this section with setting the allowed region
in the (X, q)-plane delimiting such combinations of the
motion constants, for which the latitudinal motion is
possible, in dependence on the spacetime parameters a, y.
From the requirement that the function
M(m; a, y, X, q) defined in the relation (22) has
to be non-negative somewhere in the interval m ∈ 〈0; 1〉,
one can derive that the allowed region of the (X − q)-
plane is determined by the condition
q ≥ qmin(X, y, a), (53)
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where qmin(X, y, a) is defined using functions
q1(X) ≡ −X2 (54)
and
q2(X; y, a) ≡ −I−2[(1− a2y)X + 2a]2 (55)
as follows (see Fig. 3 and Fig. 4):
• Case y < 1/a2 (Fig. 3a)
qmin(X, y, a) ≡

0, for X < 2aa2y−1 or X > 0;
q2(X; y, a), for
2a
a2y−1 ≤ X < −a;
q1(X), for − a ≤ X ≤ 0;
(56)
• Case y = 1/a2 (Fig. 3b)
qmin(X, y, a) ≡

−a2, for X ≤ −a;
q1(X), for − a ≤ X ≤ 0;
0, for X ≥ 0;
(57)
• Case y > 1/a2 (Fig. 3c)
qmin(X, y, a) ≡

q2(X; y, a), for X < −a
or 2aa2y−1 < X;
q1(X), for − a ≤ X ≤ 0;
0, when 0 < X ≤ 2aa2y−1 ;
(58)
The case y < 1/a2 qualitatively corresponds to both
black hole and naked singularity spacetimes, the other
two cases y = 1/a2 and y > 1/a2 describe the naked sin-
gularity spacetimes (see Fig. 7 in the next section). The
q = const.- slices of the function qmin(X, y, a) give for
q < 0 extremal values Xmin(−), Xmax(+) of the potentials
Xθ±(m; q, y, a) discussed in the text.
IV. RADIAL MOTION
From the equation (14) it is clear that the radial mo-
tion can exist if R(r) ≥ 0, where the equality gives the
turning points of the radial motion. This condition can
be rewritten in terms of an ‘effective potential‘ X± in the
form
X ≤ X− or X ≥ X+, (59)
if
a2 −∆r > 0 (and X− < X+),
(a) (b)
(c)
FIG. 3: The allowed region in the motion constant plane
(X − q) depicted for some representative values of space-
time parameters a, y, successively corresponding to cases
y < 1/a2, y = 1/a2, y > 1/a2. An intersections of a line
q = const. < 0 with the border curves q1(X), q2(X; y, a)
determines the extremal values Xmin(−), Xmax(+) of the po-
tentials Xθ±(m; q, y, a) introduced in the discussion above.
(a)
(b)
FIG. 4: Parameter spaces (q − X − y) for a = 1 (a), and
(q−X−a) for y = 1 (b) divided by separating surface in two
sub-spaces corresponding to allowed (above) and forbidden
(beneath) values of kinetic constants q,X.
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or
X+ ≤ X ≤ X− if a2 −∆r < 0, (60)
where
X±(r; q, y, a) ≡ ar
2 ±√∆r [r4 + q(a2 −∆r)]
a2 −∆r . (61)
We start the analysis by determining the reality region
of the effective potential X±. From the expression (61) it
follows that this function is well defined for
q
{ ≤ qr(r; y, a2) if a2 < ∆r or ∆r ≤ 0
≥ qr(r; y, a2) if 0 ≤ ∆r < a2 , (62)
where we have introduced the reality function
qr(r; y, a
2) ≡ r
4
∆r − a2 =
r3
r − 2− yr(r2 + a2) . (63)
There are thus two different types of the boundary points
of the definition range of X±(r; q, a, y). The points of the
first type lie stably for given spacetime parameters on the
borders of the static regions determined by the relation
9, i. e. at the event horizons (r = rh). At these horizons,
if they exist, for arbitrary parameter q, the functions X±
have common values
X+(rh) = X−(rh) =
r2h
a
(64)
(c. f. [73]). The points of the second type, which are also
common points of X±, depend on the value of parameter
q and are given by the equality q = qr(r; y, a
2). If we
denote them r = rq then it holds
X+(rq) = X−(rq) = −aq
r2q
. (65)
The divergencies of the function qr(r; y, a
2), which
are incident with divergent points of X+(r; q, y, a), are
located at radii where
∆r = a
2, (66)
which one can express by the relation
y = yd(r; a
2) ≡ r − 2
r(r2 + a2)
. (67)
The function X−(r; q, y, a) can not diverge at radii rd
given by (66), since using an alternative expression
X±(r; q, y, a) ≡ r
4 − q∆r
ar2 ∓√∆r[r4 + q(a2 −∆r)] (68)
it can be shown that it has finite value
X−(rd; q, y, a) =
r4d − qa2
2ar2d
. (69)
Another point where the functions X±(r; q, y, a) diverge
is r = 0, with X±(r; q, y, a)→ ±∞ as r → 0 for q > 0,
but for q = 0 it holds X±(r; q = 0, y, a)→ 0.
The character of the function yd(r; a
2) has been discussed
in [70, 73], therefore we briefly repeat that the only zero
of yd(r; a
2) is at r = 2, the extrema, which for a2 > 0
must be maxima, yields the relation
a2 = a2max(d)(r) ≡ r2(r − 3). (70)
.
The only zero of qr(r; y, a
2) is at r = 0. For r → ∞ it
holds qr(r; y, a)→ −1/y. Its extrema are determined by
y = yex(r)(r; a
2) ≡ r − 3
a2r
. (71)
The divergency of yex(r)(r; a
2) is at r = 0 and
yex(r)(r; a
2)→ −∞ for r → 0. For r →∞ it approaches
the line 1/a2 from bellow. The zero is at r = 3 and its
extrema do not exist, the function is purely increasing.
Now we shall specify the local extrema of the effective
potential, which determine the radii of spherical photon
orbits. They are given by the condition ∂X±/∂r = 0,
which implies
r4 + a2q = 0, (72)
or
qa2[2yr3 + (ya2 − 1)r + 1]2 + (73)
r3[y2a4r3 + 2ya2r2(r + 3) + r(r − 3)2 − 4a2] = 0.
This can be rewritten in terms of parameter q as
q = qex1(r; a
2) ≡ − r
4
a2
, (74)
and
q = qex(r; y, a
2) (75)
≡ − r
3
a2
y2a4r3 + 2ya2r2(r + 3) + r(r − 3)2 − 4a2
[2yr3 + (ya2 − 1)r + 1]2 .
Note that the function qex1(r; a
2) is independent of the
cosmological parameter. Both the functions qex1(r; a
2),
qex(r; y, a
2) have common points determined by
y =
r2 − 2r + a2
r2(r2 + a2)
= yh(r; a
2), (76)
and
y =
1
r3
, (77)
i. e., they are located at event horizons and so called
static radius rs = 1/ 3
√
y, where the gravitational at-
traction is just compensated by cosmological repulsion
[66, 72]. The function qex1(r; a
2) is negative valued and
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hence, as we shall see bellow, the extrema of the poten-
tials X± determined by this function lie in regions for-
bidden by conditions for the reality of latitudinal motion.
The divergencies of qex(r; y, a
2) are determined by the
relation
y = yd(ex)(r; a
2) ≡ r − 1
r(2r2 + a2)
, (78)
its asymptotic behaviour is given by qex(r; y, a
2) →
−(I/2ay)2 as r →∞.
The function yd(ex)(r; a
2) diverges for r = 0 and
yd(ex)(r; a
2) → −∞ as r → 0. For r → ∞ it holds
yd(ex)(r; a
2) → 0. The zero of this function is at r = 1
and its local extrema are determined by the relation
a2 = a2max(d(ex))(r) ≡ 2r2(2r − 3), (79)
where the label ’max’ indicates that at relevant range
r ≥ 3/2, these extrema must be maxima.
The zero point of the function qex(r; y, a
2) is at r = 0,
another zeros determine the loci of the circular equatorial
photon orbits. They are given by the relation
y = yz(ex)±(r; a2) ≡
−r(r + 3)± 2√r(3r2 + a2)
a2r2
. (80)
Since the function yz(ex)−(r; a2) < 0 for r > 0, it is ir-
relevant in our discussion. The function yz(ex)+(r; a
2)
is real valued for all r > 0 and it diverges at r = 0,
with yz(ex)+(r; a
2) → ∞ as r → 0. For r → ∞, we find
yz(ex)+(r; a
2) → −1/a2. Its zeros represent the equato-
rial circular photon orbits in the Kerr spacetimes, being
determined by the relation [65]
a2 = a2z(z(ex)+)(r) ≡
r(r − 3)2
4
. (81)
The extrema of the function yz(ex)+(r; a
2) are determined
by the equation
a2 = a2ex(z(ex)+)±(r) ≡
r(1− 2r ±√1 + 8r)
2
= a2ex(h)±(r),
(82)
hence the loci of extrema of the functions yz(ex)+(r; a
2)
and yh(r; a
2) coalesce.
The function a2ex(z(ex)+)−(r) should be excluded from fur-
ther analysis since for r > 0 there is a2ex(z(ex)+)−(r) < 0.
It remains to determine loci of the local extrema of the
function qex(r; y, a
2). Proceeding the usual way we find
that their occurrence is governed by the relations
y = yex(ex)(r; a
2) ≡ r − 3
a2r
= yex(r)(r; a
2) (83)
and
y = yex(ex)±(r; a2) ≡
3r2
√
r − a2√r(3 + 2r)±√(4a2 − 3r)(a4 + 6a2r2 − 3r4)
2a4
√
r3
.
(84)
Using the relation (83), one can show that the extrema of
both functions qex(r; y, a
2), qr(r; y, a
2) coalesce. At this
point let us add that another common points of functions
qex(r; y, a
2), qr(r; y, a
2), as well as of the functions
qex1(r; y, a
2), qr(r; y, a
2), are also given by
y = yh(r; a
2), (85)
i. e. they are located at the event horizons.
The reality conditions of the functions yex(ex)±(r; a2)
read
a2 ≤ a2r(ex(ex±))+(r) or a2r(ex(ex±))(r) ≤ a2, (86)
if 0 < r ≤ rˆ,
and
a2 ≤ a2r(ex(ex±))(r) or a2r(ex(ex±))+(r) ≤ a2, (87)
if rˆ ≤ r,
where
a2r(ex(ex)±)+(r) ≡ (+2
√
3− 3)r2 (88)
and
a2r(ex(ex)±)(r) ≡
3
4
r. (89)
The marginal radius rˆ has value
rˆ =
2
√
3 + 3
4
= 1.61603 = rcrit (90)
and it holds
a2r(ex(ex)±)+(rˆ) = a
2
r(ex(ex)±)(rˆ) = a
2
crit = 1.21202, (91)
where a2crit corresponds to local maximum of the func-
tion a2ex(h)+(r) (see e. g. [73] for details).
The functions yex(ex)±(r; a2) have the divergency point
at r = 0 and yex(ex)±(r; a2)→ ±∞ for r → 0. For r →∞
we find that yex(ex)+(r; a
2)→∞ and yex(ex)−(r; a2)→ 0
from above.
The zero point of yex(ex)(r; a
2) is at r = 3 and the func-
tion is increasing for all r > 0.
Zeros of the functions yex(ex)±(r; a2) are given by
a2 = a2z(ex(ex)±)(r) ≡ r(r2 − 3r + 3). (92)
The condition for stationary points
∂yex(ex)±(r; a2)/∂r = 0
leads to
a4 + a2r(2r − 1) + r3(r − 3) = 0,
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which can be solved with respect to a2 with the same
result as given by (12). However, substitution into
the second derivative concurrently with the requirement
yex(ex)±(r; a2) > 0 implies
∂2yex(ex)±(r; a2 = a2ex(h)+(r)) = 0, (93)
therefore the function
a2inf(ex(ex)±)+(r) ≡ a2ex(h)+(r) (94)
determines the loci of the inflex points of the functions
yex(ex)±(r; a2).
If we compare the asymptotic behaviour of all character-
istic functions y(r; a2), we find that following inequality
is satisfied:
1/a2 > yex(ex)(r; a
2) > yex(ex)−(r; a2) > yh(r; a2) >
yd(r; a
2) > yd(ex)(r; a
2) > 0 > yz(ex)(r; a
2) > −1/a2 as
r →∞.
In Fig.5 we present all the characteristic functions related
to spin parameter governing the effective potential on the
lowest level:
• a2z(h)(r)
• a2ex(h)+(r)=a2ex(z(ex))+(r)=a2inf(ex(ex)±)+(r)
• a2max(d)(r)
• a2max(d(ex))(r)
• a2z(z(ex)+)(r)
• a2r(ex(ex)±)+(r)
• a2r(ex(ex)±)(r)
• a2z(ex(ex)±)(r).
These functions determine the behaviour of the charac-
teristic functions related to the cosmological parameter,
characterizing the functions q(r; y, a2) and then effective
potentials on the higher level:
• yh(r; a2)
• yd(r; a2)
• yex(r)(r; a2) = yex(ex)(r; a2)
• yd(ex)(r; a2)
• yz(ex)+(r; a2)
• yex(ex)±(r; a2).
FIG. 5: Characteristic functions a2(r) determining the be-
haviour of functions the y(r; a2).
From the significance of the individual characteristic
functions a2(r) depicted in Fig. 5, one can infer that
there are just two values of a2 being of particular impor-
tance and leading to qualitatively different behaviour of
the functions y(r; a2) :
a2 = 1 – the common local maximum of the functions
a2z(h)(r) and a
2
z(z(ex))(r) at r = 1, which coin-
cides with the inflection point of the function
a2z(ex(ex)±)(r; a
2) and with the intersection with the
curve a2ex(h)+(r)
a2 = a2crit = 1.21202 – the local maximum a
2
ex(h)+(r)
which is the intersection of the curves
a2r(ex(ex)±)+(r), a
2
r(ex(ex)±)(r) and a
2
max(d(ex))(r).
The graphs of characteristic functions y(r; a2) depicted
for some values of spin parameter a representing cases
0 < a2 < 1, 1 < a2 < a2crit and a
2
crit < a
2 are presented
in Fig. 6.
In general, behaviour of the characteristic functions
qr(r; y, a
2) and qex(r; y, a
2) will be qualitatively dif-
ferent, if for the parameter a being fixed we take the y-
values from different intervals, which are limited by inter-
sections and/or extrema of the characteristic functions
y(r; a2) that are demonstrated in Fig. 6. We there-
fore need to determine curves y(a2) that separate the
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(a) (b)
(c) (d)
FIG. 6: Characteristic functions y(r; a2) given for a2 = 0.9 (a), a2 = 1.04 (b), a2 = 1.3 (c) and a2 = 20 (d).
(a2-y)-plane into regions that correspond to that differ-
ent behaviour of the characteristic functions qr(r; y, a
2)
and qex(r; y, a
2). The number of these functions is sub-
stantially lowered by the fact that all the local extrema
are multiple intersections with other curves and coincide
with other extrema. Moreover, as explained bellow, the
behaviour of the characteristic functions qr(r; y, a
2) and
qex(r; y, a
2) in their negative values we can omit as ir-
relevant for the character of the photon motion. The
functions we need are the following:
• ymax(h)(a2) = ymax(z(ex)+)(a2) =
yinf(ex(ex)−)(a2) = yd(ex)-h-(z(ex)+)-ex(ex)−(a2)
• ymin(h)(a2) = ymin(z(ex)+)(a2) =
yinf(ex(ex)+)(a
2) = yd(ex)-h-(z(ex)+)-ex(ex)+(a
2)
• ymax(d)(a2) = yd-d(ex)-(z(ex)+)-ex(ex)(a2)
• yd-(z(ex)+)(a2)
• ymax(d(ex))(a2) = yd(ex)-ex(ex)−(a2)
• yex(ex)-(ex(ex)+)(a2)
Here the dashes between two labels denote affiliation
to intersection of appropriate functions (it can be proved
that there are no other intersections of these functions
than that shown in Fig.6). These functions are projec-
tions of extremal values or intersections of characteristic
functions y(r; a2) into (a2-y)-plane and they are demon-
strated in Fig. 7.
The functions yex(h)(a
2) divide the parameter plane
(a2-y) into regions describing Kerr–de Sitter black hole
and naked singularity spacetimes, the curve ymax(d)(a
2)
divides spacetimes with so called divergent and restricted
repulsive barrier of photon motion. A detailed discussion
of these functions have been performed e. g. in [73, 86]
and will not be repeated here. The significance of the re-
maining functions can be understood from the depiction
of the characteristic functions qr(r; y, a
2), qex(r; y, a
2)
in Fig 8. They are given parametrically by appropriate
functions a2(r), y(r; a2(r)) with r being the parameter:
• the functions ymax(h)(a2) and ymin(h)(a2) are
both determined by a2ex(h)+(r) and yh(r; a
2 =
a2ex(h)+(r));
• ymax(d)(a2) we obtain from a2max(d)(r) with
yd(r; a
2 = a2max(d)(r));
• the curve ymax(d(ex))(a2) is given by functions
a2max(d(ex))(r) and yd(ex)(r; a
2 = a2max(d(ex))(r));
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FIG. 7: The functions ymax(h)(a
2) (bold full curve), ymin(h)(a
2) (bold dashed curve), yd-z(ex)+(a
2) (bold dash-dotted curve),
ymax(d)(a
2) (full curve), ymax(d(ex))(a
2) (dashed curve), yex(ex)-ex(ex)+(a
2) (dash-dotted) and y = 1/a2 (bold dotted curve). In
order to clearly display the asymptotic behaviour of these functions we give their plots with the a2-axis in logarithmic scale.
These curves represent such qualitative changes in behaviour of the characteristic functions qr(r; y, a
2), qex(r; y, a
2), which
are resulting in different character of the photon motion, and divide the (a2 − y)-plane into regions distinguished by different
Roman numerals. The bold grey line is function y(ex(ex)+)-(ex(ex)−)2(a
2) that separates spacetimes I-III, IVa, VIa endowed with
both prograde and retrograde spherical photon orbits, as seen by family of the locally non-rotating observers (see bellow), that
are separated by ’polar’ spherical photon orbit, from the spacetimes IVb, V, VIb,VII, VIII possessing just retrograde spherical
orbits. The function y = 1/a2 represents additional division of parameter plane reflecting different character of the latitudinal
motion as discussed in previous section.
• yd-z(ex)+(a2) is determined by
a2d-z(ex)+(r) ≡
r
8
(1− 4r +√40r + 1)
and yd(r; a
2 = a2d-z(ex)+(r)), where the func-
tion a2d-z(ex)+(r) is a solution of yd(r; a
2) =
yz(ex)+(r; a
2) with respect to parameter a2; all such
functions are obtained by analogous manner;
• yex(ex)-ex(ex)+(a2) are constructed from
a2ex(ex)-ex(ex)±(r) ≡
r
2
(4r2 − 12r + 3±
√
16r4 − 96r3 + 156r2 − 36r + 9)
and yex(ex)(r; a
2 = a2ex(ex)-ex(ex)+(r));
There exist another functions y(a2), corresponding
to intersections of the characteristic functions y(r; a2),
which are not displayed in Fig.7. The reason is that
all the functions y(a2) lie under the curve y = 1/a2, and
thus we have to take into account the restriction q ≥ −a2
(see Section 1). Therefore, the changes of the character-
istic functions qr(r; y, a
2), qex(r; y, a
2) in values under
this limit can be omitted as irrelevant. Moreover, we
can easily show that in the case q < 0, the restrictions
(53) imposed on the latitudinal motion yields stronger
constraints on the value X than that given by the rela-
tions (59), (60), (61) conditioning the reality of the radial
motion. Indeed, for any triad (q < 0, y, a2) there is no in-
tersection of the curves X = X±(r; q, y, a) with the lines
Xθmin(−), X
θ
max(+), where X
θ
min(−), X
θ
max(+) are extrema
of the functions Xθ(m; q, y, a) introduced in Sec.1 (see
Fig. 9 e-g,ω). To verify this, it is convenient to regard
the curves X = X±(r; q, y, a) as q = const-slices of the
surface q = qmax(r; X, a, y), where
q ≤ qmax(r; X, a, y) ≡ (r
2 − aX)2
∆r
−X2 (95)
is an alternative expression of the reality condition
R(r; X, q, y, a) ≥ 0,, and search instead for intersections
of surfaces q = qmax(r; X, y, a) and q = qmin(X, y, a),
defined by relations (54) - (58).
We therefore solve two equations - qmax(r; X, y, a
2) =
q1(X), with the result
X =
r2
a
, (96)
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and qmax(r;X, a, y) = q2(X; a, y), which gives
X1,2 =
I2r2 + 2(a2y − 1)∆r ∓ 2I
√−2r∆r
a(I2 − 4y∆r) . (97)
The solution (96) yields X > 0, which, however, does
not apply to the case q < 0 for y < 1/a2. More-
over, this solution represents touching points of the sur-
face qr(r; X, y, a
2) with the parabolic surface q1(X) at
X = +
√−q, and hence can be omitted even in the case
y ≥ 1/a2, since theses values lie in the region forbidden
by the relations (57)-(58). The solutions (97) are evi-
dently irrelevant, since in stationary regions ∆r > 0 they
are imaginary.
The above analysis shows that in the case q < 0 the ’po-
tentials’ X±(r; q, y, a) have values in regions forbidden
by reality conditions of the latitudinal motion and hence
play no role at all. The limits for impact parameter X
of photons with q < 0 are thus given by relation (53);
photons satisfying the relation (53) have thus no turning
points of the radial motion. In the rest of this treatise we
can thus focus on the behaviour of the characteristic func-
tions for q ≥ 0. In Fig. 8 we present all possible variants
of behaviour of the characteristic functions q(r; y, a2).
These variants involve cases
I: y ≤ yd-z(ex)+(a2) for a2 ≤ 0.5
II: yd-z(ex)+(a
2) ≤ y ≤ ymax(d)(a2) for a2 ≤ 0.5,
or
y ≤ ymax(d)(a2) for 0.5 ≤ a2 ≤ 1,
or
ymin(h)(a
2) ≤ y ≤ ymax(d)(a2) for 1 ≤ a2 ≤
1.08316;
III: ymax(d)(a
2) ≤ y ≤ ymax(h)(a2) for a2 ≤ 1.08316,
or
ymin(h)(a
2) ≤ y ≤ ymax(h)(a2) for 1.08316 ≤ a2 ≤
1.21202 = a2crit;
IVa: y ≤ ymin(h)(a2) for 1 ≤ a2 ≤ 1.08316,
or
y ≤ ymax(d)(a2) for 1.08316 ≤ a2 ≤ 1.28282,
or
y ≤ y(ex(ex)+)-(ex(ex)−)2(a2) for 1.28282 ≤ a2 ≤
6
√
3− 9 = 1.3923;
IVb: y(ex(ex)+)-(ex(ex)−)2(a2) ≤ y ≤ ymax(d)(a2) for
1.28282 ≤ a2 ≤ 1.3923,
or
y ≤ ymax(d)(a2) for 1.3923 ≤ a2 ≤ 9,
or
yex(ex)-ex(ex)+(a
2) ≤ y ≤ ymax(d)(a2) for a2 ≥ 9;
V: y ≤ yex(ex)-ex(ex)+(a2) for a2 ≥ 9;
VIa: ymax(d)(a
2) ≤ y ≤ ymin(h)(a2) for 1.08316 ≤ a2 ≤
1.21202,
or
ymax(d)(a
2) ≤ y ≤ y(ex(ex)+)-(ex(ex)−)2(a2) for
1.21202 ≤ a2 ≤ 1.28282;
VIb: y(ex(ex)+)-(ex(ex)−)2(a2) ≤ y ≤ ymax(d(ex))(a2) for
1.21202 ≤ a2 ≤ 1.28282,
or
ymax(d)(a
2) ≤ y ≤ ymax(d(ex))(a2) for a2 ≥ 1.28282;
VII: ymax(h)(a
2) ≤ y ≤ 1/a2 for a2 ≤ 1.21202, or
ymax(d(ex))(a
2) ≤ y ≤ 1/a2 for a2 ≥ 1.21202;
VIII: y ≥ 1/a2;
Now it remains to assign to each region of the (a2-y)-
plane functions q(y, a2), which by themselves represent
marginal values of the parameter q corresponding to
some qualitative shift in the behaviour of the potentials
X±(r; q, y, a).
In the regions I, II, which describe black hole space-
times with divergent repulsive barrier, we have to com-
pare the two local maxima qmax(ex+)(y, a
2) located under
the inner horizon and qmax(ex)(y, a
2) = qmin(r)(y, a
2)
between the outer and cosmological horizons respec-
tively (see Figs. 8a,b). The function qmax(ex+)(y, a
2) is
given parametrically by functions yex(ex)+(r; y, a
2) and
qex(r; y = yex(ex)+(r; y, a
2), a2) with r being the param-
eter, similarly qmax(ex)(y, a
2) is given by yex(ex)(r; y, a
2)
and qex(r; y = yex(ex)(r; y, a
2), a2).
The extrema function qmax(ex)(y, a
2) diverges at the
curve ymax(d)(a
2), which forms boundary between re-
gions II-III and IV–VI, i. e. qmax(ex)(y =
ymax(d)(a
2), a2) → +∞ (c. f. Figs. 8b, 8c and 8d, 8f).
In the region III, corresponding to black hole spacetimes
with the restricted repulsive barrier, only local maximum
qmax(ex+)(y, a
2) located under the inner horizon remains.
As can be seen from the behaviour of the characteristic
functions in Fig. 6b, for y → ymin(h)(a2) from above,
the ’inner’ local maximum of q(ex)(r; y, a
2), determined
by yex(ex)+(r; y, a
2), approaches from the left its diver-
gency point given by y = yd(ex)(r; a
2), where qex → −∞
(Fig. 8b), so that qex(r; y = ymin(h)(a
2), a2) becomes
continuous. For y ≤ ymin(h)(a2), the divergency of the
function qex(r; y, a
2) appears again with qex → +∞ and
a local minimum has formed on the right (cf. Figs. 8b,
8d). Hence the curve ymin(h)(a
2) forms a boundary on
which the local maxima qmax(ex+)(y, a
2) convert into lo-
cal minima. We denote them qmin(ex±)(y, a2), since, as
follows from relations (86)-(91), for 1.125 ≤ a2 ≤ a2crit
and
y ≤ y(ex(ex)+)-(ex(ex)−)1(a2) ≡ 8a
2 − 9
8a4
, (98)
or a2crit ≤ a2 ≤ 1.3923 and
y ≤ y(ex(ex)+)-(ex(ex)−)2(a2) ≡
√
3(2
√
3− 3)
a6
− 1
a2
, (99)
they are given by yex(ex)−(r; y, a2). The
function y(ex(ex)+)-(ex(ex)−)1(a2) is given para-
metrically by a2r(ex(ex)±)(r) and, e.g., by
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yex(ex)−(r; y, a2 = a2r(ex(ex)±)(r)), and the func-
tion y(ex(ex)+)-(ex(ex)−)2(a2) by a2r(ex(ex)±)+(r) and
yex(ex)−(r; y, a2 = a2r(ex(ex)±)+(r)). The analytical ex-
pressions in (98), (99) can be then derived by eliminating
the radius r. Both these functions have their relevant
parts entirely in regions IV,VI.
The function y(ex(ex)+)-(ex(ex)−)2(a2) corresponds to
the local minima of the potential X−(r; q, y, a) reaching
the value X = −a, i. e., ` = 0. The photons correspond-
ing to these minima, and having appropriate motion con-
stant q, persist on ’spherical’ orbits with r = const,
which are crossing the spacetime rotation axis alternately
above both poles. In the next we shall call them ’po-
lar’ spherical orbits – in the following section we shall
see that such polar spherical orbits form a border sur-
face between prograde and retrograde spherical photon
orbits, as related to the locally non-rotating observers.
The function y(ex(ex)+)-(ex(ex)−)2(a2) has therefore an im-
portant meaning, since it represents a boundary between
regions of qualitatively different KdS spacetimes in the
(a2 − y)-plane. From this point of view, the function
y(ex(ex)+)-(ex(ex)−)2(a2) creates another qualitative shift
in the parameter plane (a2−y) with regard to character of
the photon motion, however, no qualitative shift in math-
ematical properties of characteristic functions qr(r; y, a
2)
and qex(r; y, a
2) in their relevant values q ≥ 0. The parts
of the (a2−y)-plane corresponding to different behaviour
of the characteristic functions are in Fig. 7 distinguished
by Roman numerals, the curve y(ex(ex)+)-(ex(ex)−)2(a2)
then induces an additional division a/b.
Further we have to relate the minima qmin(ex±)(y, a2)
with the maxima qmax(ex)(y, a
2) = qmin(r)(y, a
2).
In the region V, the minima of qex(r; y, a
2) coa-
lesce with the minima of qr(r; y, a
2) (Fig. 8e).
We therefore have to compare the minima func-
tion qmin(ex)(y, a
2)=qmin(r)(y, a
2) determined by
yex(ex)(r; y, a
2) and, e.g., qex(r; y = yex(ex)(r; y, a
2), a2),
with the maxima function qmax(ex+)(y, a
2) parametrized
by yex(ex)+(r; y, a
2) and qex(r; y = yex(ex)+(r; y, a
2), a2).
The boundary curve yex(ex)-ex(ex)+(a
2) then represents
such combinations of parameters a2, y for which the
local extrema of qex(r; y, a
2) have coalesced into
an inflection point. For parameters from the re-
gion VI, corresponding to naked singularity space-
times with restricted repulsive barrier (as well as
from the remaining regions VII, VIII), the function
qex(r; y, a
2) has one local minimum (Fig. 8f), and
we therefore construct a function qmin(ex±)(y, a2) de-
termined by functions yex(ex)±(r; a2) and qex(r; y =
yex(ex)±(r; a2), a2), where the minus sign has to be
chosen for 1.17007 ≤ a2 ≤ a2crit and ymax(d)(a2) ≤
y ≤ y(ex(ex)+)-(ex(ex)−)1(a2), or a2crit ≤ a2 ≤ 1.2828
and ymax(d)(a
2) ≤ y ≤ y(ex(ex)+)-(ex(ex)−)2(a2) (see
Fig.7). For y → ymax(d(ex))(a2) and a2 ≥ a2crit there
is qmin(ex+)(y, a
2) → +∞,, and for y > ymax(d(ex))(a2),
i.e. in the region VII, it converts into the local maximum
(c.f. Figs 8f, 8g). The transition into the region VII from
the region III can be inferred from comparison of Fig. 8c
with Fig. 8g. Therefore, in the region VII we have to
follow up the values of the function qmax(ex+)(y, a
2) de-
termined by the functions yex(ex)+(r; a
2) and qex(r; y =
yex(ex)+(r; a
2), a2). The functions q(y, a2) are demon-
strated in Fig. 9.
With the knowledge of the behaviour of the extremal
values qmin/max(ex)(y, a
2) at each region of the (a2-y)-
plane, we can finally construct all qualitatively differ-
ent types of the behavior of the effective potentials
X±(r; q, y, a). They are presented in Figure 10 for ap-
propriately chosen representative combinations (q, y, a2).
V. SPHERICAL PHOTON ORBITS AND
CLASSIFICATION OF THE KERR–DE SITTER
SPACETIMES DUE TO PROPERTIES OF THE
PHOTON MOTION
In the following section we demonstrate by using the
behaviour of the effective potentials X±(r; q, a, y) that
the null geodesics create qualitatively different structures
in the various cases of Kerr–de Sitter spacetimes with
the spacetime parameters chosen from different parts of
the (a2-y)-plane labelled by numerals I-VIII. Hence the
regions of the spacetime parameter space of these labels
can be considered as representatives of the classification
of the Kerr–de Sitter spacetimes due to the photon
motion (null geodesics). Similarly as in [73], there are
three (four) criteria used – the main criterion for the
classification is the existence (number) of the event
horizons. The other differentiating factors follow from
the nature of photon motion. First, there is some kind
of repulsive barrier defending a light to reach the ring
singularity, which is always created in its vicinity for
photons with q > 0. However, a similar barrier can
emerge between the outer black hole horizon and the
cosmological horizon in black hole and naked singularity
spacetimes, repelling photons towards one of these hori-
zons. In the naked singularity spacetimes, occurrence of
an additional barrier, which reflects photons towards the
ring singularity, leads to occurence of the phenomenon
of bound photon orbits. Such bound photon orbits are
not present in the case of the black hole spacetimes. The
presence and character of this barrier we take as another
criterion in the following classification. The other aspect
that authorizes us to make such distinction between the
KdS spacetimes will be the existence and character of the
spherical photon orbits. In the KdS naked singularity
spacetimes the bound orbits are concentrated around
the stable spherical photon orbits.
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(a) I: y = 0.01, a2 = 0.1 (b) II: y = 0.02, a2 = 0.9
(c) III: y = 0.04, a2 = 0.9 (d) IV: y = 0.02, a2 = 1.5
(e) V: y = 0.001, a2 = 20 (f) VI: y = 0.04, a2 = 1.5
(g) VII: y = 0.07, a2 = 0.9 (h) VIII: y = 0.045 a2 = 25
FIG. 8: Characteristic functions qr(r; y, a
2) (full curve), qex(r; y, a
2) (dashed curve) and qex1(r; y, a
2) (dotted curve)
governing the behaviour of effective potentials X±(r; q, y, a). The dynamic region is highlighted by shading, the grey vertical
bar demarcates loci of the static radius. Note that the last scheme corresponding to case y > 1/a2, which is introduced due to
changes in the latitudinal motion, brings no new features in character of the radial motion, since it qualitatively coincide with
case VII and is shown for completeness.
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(a) (b) a2 = 0.9
(c) a2 = 1.05 (d) a2 = 1.18
(e) a2 = 5 (f) a2 = 20
FIG. 9: 3D plot of functions q(y, a2) (a) and its a2 = const.-slices corresponding to values between outstanding limits
a2 = 1, a2rrb(max) = 1.08316, a
2
crit = 1.21202 and a
2
(ex(ex)-ex(ex)+)min = 9. The positive branch of the full curve is the graph of
the function qmax(ex)(y, a
2), its asymptote intersects the (a2-y)-plane in the curve ymax(d)(a
2). The dashed curve in Fig. (b)
describes the local maxima qmax(ex+)(y, a
2) under the inner horizon. In Figs. (c), (d) it represents local minima qmin(ex+)(y, a
2)
(qmin(ex−)(y, a
2) eventually) for y < ymin(h)(a
2), and maxima qmax(ex+)(y, a
2) for y > ymin(h)(a
2), where the critical value
qmax(ex+)(y = ymin(h)(a
2), a2) can be identified as the inflection point of this curve. The minima diverge as y → ymax(d(ex))(a2)
(Fig. e), the descending part then describes the local maxima qmax(ex+)(y, a
2) in region VII. Fig. (f) demonstrates intersection
of both curves at y = yex(ex)−ex(ex+)(a
2). The full curve for y < yex(ex)−ex(ex+)(a
2) then corresponds to the local minima
qmin(ex)(y, a
2) = qmin(r)(y, a
2), while the dashed one now matches the maxima qmax(ex+)(y, a
2).
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(a) q = 0, I: y = 0.01, a2 = 0.1 (b) q = 2.10−5, I: y = 0.01, a2 = 0.1
(c) q = 20, I: y = 0.01, a2 = 0.1 (d) q = 80, I: y = 0.01, a2 = 0.1
(e) q = −0.5, II: y = 0.02, a2 = 0.9 (f) q = −0.05, II: y = 0.02, a2 = 0.9
(g) q → 0−, II: y = 0.02, a2 = 0.9 (h) q = 0.1, II: y = 0.02, a2 = 0.9
(Figure continued)
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(i) q = 50, II: y = 0.02, a2 = 0.9 (j) q = 70, II: y = 0.02, a2 = 0.9
(k) q = 0, III: y = 0.04, a2 = 0.9 (l) q = 0.1, III: y = 0.04, a2 = 0.9
(m) q = 10, III: y = 0.04, a2 = 0.9 (n) q = 10000, III: y = 0.04, a2 = 0.9
(o) q = 0, IVb: y = 0.02, a2 = 1.5 (p) q = 20, IVb: y = 0.02, a2 = 1.5
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(q) q = 70, IVb: y = 0.02, a2 = 1.5 (r) q = 100, IVb: y = 0.02, a2 = 1.5
(s) q = 0, V: y = 0.001, a2 = 20 (t) q = 20, V: y = 0.001, a2 = 20
(u) q = 29.6, V: y = 0.001, a2 = 20 (v) q = 50, V: y = 0.001, a2 = 20
(w) q = 0, VIb: y = 0.04, a2 = 1.5 (x) q = 20, VIb: y = 0.04, a2 = 1.5
(Figure continued)
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(y) q = 10000, VIb: y = 0.04, a2 = 1.5 (z) q = 0, VII: y = 0.07, a2 = 0.9
(α) q = 0.05, VII: y = 0.07, a2 = 0.9 (β) q = 0.5, VII: y = 0.07, a2 = 0.9
(γ) q = −0.04, VIII: y = 0.045, a2 = 25 (δ) q = −30, VIII: y = 0.045, a2 = 25
FIG. 10: Different types of behaviour of the potentials X+(r; q, a, y) (full curve), and X−(r; q, a, y) (dashed curve), with
spacetime parameters chosen successively from regions corresponding to the classes I-VIII in the (a2 − y)-plane, and some
representative values of parameter q divided by the extrema q(y, a2). Vertical dashed lines demarcate loci of the event horizons,
the grey line demarcate the static radius, shading highlights the forbidden region. Figs. (e)-(g) depict the case q < 0 with the
limiting values Xθmin(−), X
θ
max(+) as horizontal dashed lines. The graphs X±(r; q, a, y) lie entirely in forbidden region. The
behaviour of these functions in other cases differing by values a, y with q < 0 is qualitatively the same. Figs. (γ)-(δ) describes
the case y > 1/a2, q < 0. The potentials have values in forbidden region again; for q > 0 the behaviour of the potentials
qualitatively corresponds to class VII. In the classes IVb, VIb, the local minima of the potentials X−(r; q, a, y) (see Figs.
(q),(y)) have values Xmin(−) < −a, contrary to the case IVa,VIa, which are not displayed, since there are no other qualitative
differences.
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A. Spherical photon orbits
The spherical photon orbits are determined by the con-
ditions R(r) = 0 and dR/dr = 0 that have to be solved si-
multaneously. The physically acceptable solution is gov-
erned by the relations for the photon motion constants
X and q that are expressed as functions of the radius r
and the spacetime parameters a, y, and take the form
X = Xsph(r) ≡ r[(1− a
2y)r2 − 3r + 2a2]
a[yr(2r2 + a2)− r + 1] , (100)
q = qsph(r) ≡ qex(r; y, a2), (101)
where the function qex(r; y, a
2) is defined by the rela-
tion (75). These solutions governing the spherical pho-
ton orbits are allowed in the interval of radii limited by
the equatorial photon circular orbits. Stability of the
spherical photon orbits relative to radial perturbations is
determined by the sign of the expression
d2R
d2r
= 12r2[1 + y(X2 + q)] + 2(X2 + q)(a2y − 1)− 4aX,
(102)
evaluated at appropriate radii. It can be shown that lo-
cal maxima of the potential X+ and local minima of X−
correspond to unstable orbits in the black hole space-
times. However, local minima of X+ and local maxima
of X− represent stable orbits, which occur in the naked
singularity spacetimes.
It is useful to relate the parameters (wave vector com-
ponents) of photons orbiting along the spherical null
geodesics to the locally non-rotating frames (LNRFs)
that are the most convenient frames for description of
physical processes in the Kerr(dS) spacetimes [9]. The
LNRF tetrad of differential one-forms is given by the re-
lations
ω(t) =
√
∆r∆θρ2
I2A
dt, (103)
ω(r) =
√
ρ2
∆r
dr, (104)
ω(θ) =
√
ρ2
∆θ
dθ, (105)
ω(φ) =
√
A sin2 θ
I2ρ2
( dφ− ΩLNRF dt), (106)
the corresponding tetrad of dual vectors reads
e(t) =
√
I2A
∆r∆θρ2
(
∂
∂t
+ ΩLNRF
∂
∂φ
)
, (107)
e(r) =
√
∆r
ρ2
∂
∂r
, (108)
e(θ) =
√
∆θ
ρ2
∂
∂θ
, (109)
e(φ) =
√
I2ρ2
A sin2 θ
∂
∂φ
. (110)
The wave-vector components related to the LNRFs are
then determined by the relations
k(a) = ω(a)µ k
µ, k(b) = kνe
ν
(b), (111)
hence
k(t) = IE
√
A
∆r∆θρ2
(1− ΩLNRF (X + a)), (112)
k(r) = ± IE√
∆rρ2
[
(r2 − aX)2 −∆r(X2 + q)
]
,(113)
k(φ) = IE
√
ρ2
A sin2 θ
(X + a), (114)
k(θ) = ± IE√
∆θρ2
× (115)√
(X2 + q)∆θ − (a cos
2 θ +X)2
sin2 θ
,
where
A = (r2 + a2)2 − a2∆r sin2 θ, (116)
and
ΩLNRF =
a[(r2 + a2)∆θ −∆r]
A
(117)
is the angular velocity of the LNRFs related to distant
static observers.
In order to determine the orientation of the spherical
orbits, we have chosen as the azimuthal direction indica-
tor the sign of the ratio k(φ)/k(t). If we define the direc-
tional angle Ψ in such a way that Ψ = 0 for motion in
the direction of the latitudinal tetrad vector e(θ), while
Ψ = pi/2 for motion in the direction of the azimuthal
tetrad vector e(φ), then k
(φ)/k(t) = sin Ψ and we find the
relation
sinΨ =
ρ2
√
∆r∆θ
A sin θ
X + a
1− ΩLNRF (X + a) . (118)
If the sign of sinΨ is positive, we call the spherical or-
bit prograde, if it is negative, we call the spherical orbit
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retrograde. Special case of limiting spherical orbits corre-
sponds to the equatorial circular orbits that are again co-
rotating (prograde), respectively counter-rotating (ret-
rograde). It can be shown that the sign of the direc-
tional angle remains fixed at any latitude of any particu-
lar spherical orbit, i.e., the locally non-rotating observers
see the photon motion in fixed azimuthal direction. [94]
Since the functions A,ΩLNRF are positive [73], it is clear
that all photons with X < −a (` < 0) are retrograde.
However, photons with
X >
1
ΩLNRF
− a (` > 1/ΩLNRF > 0) (119)
can be retrograde as well. Considering in such a case the
relation for the tetrad LNRF component (112), we can
see that in order to keep for k(t) the standard physical
meaning, i.e., k(t) > 0, we have to put E < 0. [95] In order
to find conditions under which such a situation occurs, it
is convenient to express from the alternate relation
sin Ψ =
ρ2
√
∆r∆θ
A sin θ
`
1− ΩLNRF ` (120)
the impact parameter ` in the form
` =
A sinψ sin θ√
∆r∆θρ2 +AΩLNRF sinψ sin θ
(121)
and reverse the problem by searching for conditions, un-
der which there is ` > 0. Such a relation is evidently
fulfilled if sinψ > 0, i.e., the positive impact parameters
pertain to prograde photons. However, there is another
possibility, to have sinψ < 0 together with
− 1 ≤ sinψ < −ρ
2
√
∆r∆θ
AΩ sin θ
, (122)
from which it follows
AΩ sin θ − ρ2
√
∆r∆θ ≥ 0. (123)
However, the last inequality can be written in the form
AI2ρ2gtt ≥ 0, (124)
which implies
gtt ≥ 0. (125)
Hence, such a situation can occur only in the ergosphere.
Of course, the impact parameter of such photons must
fulfil the condition (119). The function
1
Ω
− a = r
2(r2 + a2)∆θ + a
2∆r cos θ
2
a[(r2 + a2)∆θ −∆r] (126)
has for ∆r = 0 common points with the potentials
X± given by the relation (64). There are no other
intersections with the potentials, hence, the reality
condition of the radial motion together with (119) imply
X > X+ > 0. Therefore, the motion of photons with
negative energy E, which appear to be retrograde in the
LNRFs, is governed by effective potentials X+(r; q, a, y)
with positive values.
Using the properties of the effective potentials
X±(r; q, a, y), we can identify the radii r = r0 of the
spherical photon orbits as loci of the local extrema of the
effective potentials and determine their stability and ori-
entation as described above. At each allowed radius r0,
located between the radii of the equatorial photon circu-
lar orbits, we can assign corresponding limits θmin, θmax
on the latitudinal motion by solving the equation
M(m; Xsph(r0), qsph(r0), y, a) = 0, (127)
which due to he results of Section 3 has one real positive
root m0, since qsph(r0) ≥ 0 (qsph(r0) = 0 for r0 = rph±,
i.e., equatorial circular co-rotating or counter-rotating
photon orbit). The marginal latitudes (turning points
of the latitudinal motion) then read
θmin = arccos
√
m0, θmax = pi − arccos√m0, (128)
for details see the discussion of the latitudinal motion in
Section 3. We can thus easily determine for a spherical
orbit at an allowed radius r0 the impact parameters of
the orbit, the extension of the latitudinal motion, and
the orientation of the azimuthal motion.
B. Classification
In the following classification we introduce ten classes
of the Kerr–de Sitter spacetimes and demonstrate prop-
erties of the photon motion using the spherical photon
orbits that serve as crucial characteristic for the classi-
fication. We give the loci of the spherical photon orbits
and their extension in latitude, stability against radial
perturbations, and orientation of their azimuthal motion.
The classification is represented by family of characteris-
tic figures corresponding to the separated classes of the
KdS spacetimes. For easy interpretation of the family of
the figures representing the classification, we introduce
an auxiliary Fig.11 commented with detailed explana-
tory notes. In order to fully and clearly characterize the
KdS spacetimes and their horizon and ergosphere struc-
ture, and to demonstrate the spheroidal character of the
applied coordinate system, we use now the so called Kerr-
Schild coordinates x, y, z that are connected to the Boyer-
Lindquist coordinates r, θ by the relations
x2 + y2 = (r2 + a2) sin2 θ, z2 = r2 cos2 θ. (129)
In the figures we, of course, use the meridional sections
of y = 0. The characteristics of the classes of the KdS
spacetime according to the photon orbits are presented
as follows.
Class I : Black hole spacetimes with the divergent re-
pulsive barrier of the radial photon motion, having
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FIG. 11: Illustration of some characteristics of the KdS spacetime with parameters a2 = 0.64, y = 0.02. The labels x, z are the
Kerr-Schild coordinates, y-coordinate is suppressed. Horizontal abscissa is the ring singularity, black ellipses mark the black
hole event horizons, grey curves represent the static limit surface (ergosurface), black dashed vertical line is the rotary axis.
The ergosphere is denoted by shading; note however that the shading is canceled by colours corresponding to various types of
the spherical photon orbits located at the ergosphere (here and in the following figures representing the classification). The
outer ergosphere and the cosmological horizon is outside of the drawing in this figure. Thin dashed red ellipse denotes the
sphere with radius r = rph+ = 1.98, which intersects the equatorial plane in the co-rotating photon circular orbit, displayed as
red bold points. Similarly, thin dashed blue ellipse represents the r = rph2 = 3.43-sphere, and the bold blue points mark the
equatorial counter-rotating circular orbit. Bold red arcs represent a prograde spherical photon orbit at r = 2.26, selected just to
touch the ergosurface in the equatorial plane. Thick red dashed arcs denote rest of the selected sphere. Accordingly, full parts
of the bold blue ellipse mark some spherical retrograde photon orbit, selected at r = 3.1. The endpoints of the bold arcs then
correspond to marginal latitudes, among which the photons oscillate. All such endpoints thus create a surface, here depicted by
full thin red or blue curves, limiting regions filled by the prograde or retrograde, respectively, spherical photon orbits, coloured
in light red or blue, respectively. In this case, the regions of opposite orientations are separated by purple ellipse representing
the polar spherical orbit at which a photon with X = −a (` = 0) crosses the spaxcetime rotation axis alternately above both
poles. Light/full hues we reserved to regions of unstable/stable orbits, the latter ones not present in this case. In some KdS
spacetimes, there exist retrograde spherical orbits of photons with X > −a. They are confined exclusively inside the ergosphere
and occupied by photons with negative energy E. These regions will be depicted in green.
one equatorial counter-rotating circular unstable
orbit with negative energy located under the inner
black hole horizon (0 < r < r−), which is limiting
the range of the spherical photon orbits with nega-
tive energy. There exist stable orbits, correspond-
ing to local minima Xmin(+) of the effective poten-
tial X+ at 0 < r < rmax(ex)1, and unstable orbits,
corresponding to local maxima Xmax(+) of X+ at
rmax(ex)1 < r < rz(ex)1 for 0 < q < qmax(ex+)(y, a
2)
(Fig. 12a). We denote as rmin/max(ex) the local
extrema, and as rz(ex) the zero point, of the func-
tion qex(r; y, a
2) hereafter. Such a structure is
present under the inner horizon of any KdS black
hole spacetime. Outside the ergosphere, one unsta-
ble co-rotating equatorial circular orbit, located at
r = rph+ = rz(ex)2, and polar spherical orbit with
r = rpol, rph+ < rpol, limit the range of unstable
prograde spherical orbits given by the local minima
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Xmin(−) of the effective potential X−, for which
Xmin(−) > −a. The radius of the polar spheri-
cal orbit is found by solving X−(rpol; qex(rpol)) =
−a. The counter-rotating equatorial circular or-
bit at r = rph− = rz(ex)3 gives the limit of re-
gion of unstable retrograde spherical orbits, given
by the local minima Xmin(−) < −a, and maxima
Xmax(+) < −a for 0 < q < qmax(ex)(y, a2), such
that rpol < rph−.
Class II : Black hole spacetimes with the same features
as in the class I, but now the ergosphere enters the
region of the spherical photon orbits (Fig. 12b). No
spherical orbit is fully immersed in the ergosphere
and photons at all the spherical orbits have positive
energy. The presence of the ergosphere in region of
the spherical photon orbits influences character of
the light escape cones [18].
Class III : Black hole spacetimes with the restricted re-
pulsive barrier of the radial photon motion. The
ergosphere spreads over all radii. The prograde
spherical orbits are given by the local minima
Xmin(−) > −a at rph+ < r < rpol, while the retro-
grade spherical orbits with E > 0 are given by the
minima Xmin(−) < −a at rpol < r < rd(ex). The
spherical orbits given by the local maxima Xmax(+)
(see Figs 10k-n) at rd(ex) < r < rph−, where rd(ex)
denotes the divergence point of qex(r; y, a
2) (see
Fig. 8c), are fully immersed in the ergosphere.
Such areas are drawn in Figs 12 in green and the
spheres with r = rd(ex) as full/dashed green el-
lipses. Photons in such regions have E < 0.
Class IVa : Naked singularity spacetimes with diver-
gent repulsive barrier of the photon motion. At
radii 0 < r < rd(ex) (Fig.8d can be used for il-
lustration), there are local minima of the potential
X+ (for illustration use Figs. 10p-r) corresponding
to the stable retrograde spherical orbits with neg-
ative energy (E < 0) (Fig. 12d). The stable retro-
grade orbits with positive energy corresponding to
the local maxima of X− are at rd(ex) < r < rpol1.
These maxima exceed the value Xmax(−) = −a at
rpol1 < r < rmin(ex), where they yield stable pro-
grade spherical orbits. At radii rmin(ex) < r <
rpol2, there are the local minima of X− with values
Xmin(−) > −a, – these radii are thus occupied by
the unstable prograde orbits. The local minima of
X−, and the local maxima of X+ at r > rpol2, cor-
respond to the unstable retrograde orbits. There
are thus two polar spherical orbits enclosing region
of prograde orbits – the inner at the radius r = rpol1
being stable, the outer at the radius r = rpol2 being
unstable.
Class IVb : Naked singularity spacetimes with the
same features as in the class IVa, but the two po-
lar orbits have coalesced, therefore, there are no
prograde spherical orbits (Fig. 12e).
Class V : Naked singularity spacetimes having the
structure of the spherical orbits corresponding to
the previous case (Fig. 12f), but with is a small re-
gion of bound orbits for photons with motion con-
stants qmin(ex)(y, a
2) < q < qmax(ex+)(y, a
2) and
X between the appropriate local extrema of X+ (c.
f. Figs. 10q, u), which is not contained in the other
cases.
Class VIa : Naked singularity spacetimes with the re-
stricted repulsive barrier of the radial photon mo-
tion. For 0 < r < rd(ex)1 (the function qex(r; y, a
2)
has two divergence points rd(ex)1, rd(ex)2, – see
Fig. 8f for preview) the minima of X+ corre-
spond to stable retrograde orbits with E < 0; for
rd(ex)1 < r < rpol1, there are the local maxima of
X− with values Xmax(−) < −a giving retrograde
orbits with E > 0. The local minima of X− at
rpol1 < r < rmin(ex) give the stable prograde orbits.
At radius r = rpol1 the stable polar orbit is located.
For rmin(ex)<r<rpol2 , the function X− has minima
with values Xmin(−) > −a giving the unstable pro-
grade orbits. For rpol2 < r < rd(ex)2, they corre-
spond to the unstable retrograde orbits. At radius
r = rpol2, the unstable polar orbit exists. The local
maxima of the function X+ at rd(ex)2<r<rph− cor-
respond to the retrograde unstable spherical orbits
with E < 0.
Class VIb : The structure of the spherical orbits cor-
responds to the class VIa with an exception that
the local extrema of the potential X− have values
X < −a,, implying that there are no polar spherical
orbits, neither the prograde spherical orbits (Fig.
12h).
Class VII : Naked singularity spacetimes with the re-
stricted repulsive barrier of the radial photon mo-
tion having stable retrograde spherical orbits at
0 < rmax(ex) corresponding to local minima of X+
(Fig. 10α), and unstable retrograde spherical or-
bits at rmax(ex) < r < rph− corresponding to local
maxima of X+. All these spherical orbits, includ-
ing the counter-rotating equatorial circular orbit at
r = rph−, correspond to photons with E < 0.
Class VIII : Special class of the naked singularity
spacetimes demonstrating the same features of the
radial motion of photons with q ≥ 0 as the class
VII, but differing from all previous cases by the ex-
istence of null geodesics for arbitrary q < 0. The
allowed values of the impact parameter X are for
q < 0 confined to the intervals X < Xθmax(+) < 0 or
X > Xθmin(−) > 0 (see Section 3). The potentials
governing the radial photon motion are fully im-
mersed in the forbidden region (Figs. 10(γ), (δ)),
thus in the radial direction the photons with such
parameters move freely in the whole range between
the ring singularity and the cosmological horizon.
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(a) Class I: y = 0.02, a2 = 0.2 (b) Class II: y = 0.02, a2 = 0.9
(c) Class III: y = 0.04, a2 = 0.9 (d) Class IVa: y = 0.02, a2 = 1.2
(e) Class IVb: y = 0.02, a2 = 1.5 (f) Class V: y = 0.001, a2 = 20
(Figure continued)
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(g) Class VIa: y = 0.04, a2 = 1.2 (h) Class VIb: y = 0.04, a2 = 1.5
(i) Class VII: y = 0.07, a2 = 0.9
FIG. 12: Spherical photon orbits in individual clases of Kerr–de Sitter spacetimes. The class VIII is not presented, since the
structure of the spherical orbits matches with the class VII, but it differs in character of the latitudinal motion.
VI. CONCLUSIONS
We can summarize our results by the following con-
cluding remarks.
1. In any kind of the black hole spacetimes, there
are no radially bound null geodesics in the station-
ary region, i.e., the trajectory of a photon has at
most one turning point in radial direction between
the outer and cosmological horizon, or the photons
can move freely between the outer black hole and
the cosmological horizons. However, such bounded
photon orbits exist in each naked singularity space-
time for photons with parameters q > 0 and X
chosen appropriately.
2. No photons with q > 0 can reach the ring singular-
ity at r = 0 in any of the Kerr–de Sitter spacetimes.
3. In the Kerr–de Sitter spacetimes of classes I-VII,
i.e., with the spacetime parameters satisfying the
condition y < 1/a2, there is a lower limit q = −a2
of the parameter q < 0, for which the photon mo-
tion is allowed. The range of the allowed values of
the impact parameter X is then an interval given
by the relations (53) - (56). Photons with such
tuned parameters have no turning point in radial
direction, since the effective potential lies entirely
in the forbidden region (Figs 10(e)-(g)). Further,
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by the results of Section 3, only such photons ex-
ecute the vortical motion, or their trajectory lies
completely on the cones of θ = constant. We can
therefore reject possibility of existence of vortical
photon motion of constant radius, or off-equatorial
circular photon orbits.
4. In the Kerr–de Sitter spacetimes of class VIII (y >
1/a2), the photon motion is allowed for any q < 0.
The permissible values of the parameter X are then
two disjunct unlimited intervals determined by the
relation (58.) In the extreme case y = 1/a2, it must
be q ≥ −a2 again and for negative q, the parameter
X can take less than certain negative value given
by (57). The consequences for photon motion are
then the same as in previous note (Figs 10(γ)-(δ)).
5. In the Kerr–de Sitter spacetimes with the divergent
repulsive barrier of the radial photon motion, there
exists a critical value qmax(ex)(y, a
2), for which this
barrier becomes impermeable between the outer
black hole horizon and cosmological horizon, or,
in naked singularity spacetimes, between the ring
singularity and cosmological horizon, for photons
with any impact parameter X. In spacetimes with
the restricted repulsive barrier of the radial pho-
ton motion, the height of this barrier slowly grows
with increasing parameter q, but stays finite for any
q > 0 (Figs 10(n), 10(y)).
6. In the Kerr–de Sitter spacetimes of classes I-III,
IVa, VIa, there exist spherical photon orbits, which
can be both prograde or retrograde as seen by the
family of locally non-rotating observers. Addition-
ally, each of the two types can be stable or un-
stable with respect to radial perturbations. The
regions of spherical orbits of different orientations
are separated by the so called polar spherical orbit,
at which photons cross the spacetime rotation axis
alternately above both poles. In the naked singu-
larity spacetimes of class IVa, VIa, there are two
polar spherical orbits, the inner one being stable,
the outer one being unstable.
7. In the Kerr–de Sitter spacetimes of classes IVb,
V ,VIb, VII, VIII there are no prograde or polar
spherical orbits.
8. In each class of the Kerr–de Sitter spacetimes, there
exist region, where the effective potential X+ have
positive values. Photons with impact parameter
X exceeding this values appear to move in retro-
grade direction as seen in LNRFs. This region must
be located inside the ergosphere, and photons with
such impact parameters must have negative energy,
E < 0. In the black hole spacetimes with the di-
vergent barrier of the radial photon motion, the er-
gosphere has two parts above the black hole outer
event horizon - the inner one, which is limited to
the outer vicinity of the outer event horizon, and
the outer one, limited to the inner vicinity of the
cosmological horizon. In the black hole spacetimes
with restricted repulsive barrier of the radial pho-
ton motion, the two regions of the ergosphere merge
in the equatorial plane, and they spreads at any
radii except for certain region in the vicinity of the
rotation axis.
9. In the LNRFs, trajectories of photons moving along
any spherical orbit have no turning point of the
azimuthal motion.
We have thus demonstrated a variety of very extraor-
dinary phenomena related to the photon motion in the
KdS spacetimes, of both black hole and naked singularity
types. Especially relevant effects are found in the case
of spherical photon orbits that can be directly related
to the observational phenomena. It is quite interesting
that we could expect another interesting phenomena re-
lated to the charged Kerr-Newman or Kerr-Newman-de
Sitter naked singularity spacetimes (with both the stan-
dard electric charge, or the tidal charge of the braneworld
models), especially in the case of the so called mining
Kerr-Newman spacetimes [12], containing a special type
of equatorial stable photon orbits.
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